The problem of whether a metabolic idempotent of a central simple algebra with involution is contained in an invariant quaternion subalgebra is investigated. As an application, the similar problem is studied for skewsymmetric elements whose squares lie in the square of the underlying field.
Introduction
A hyperbolic involution on a central simple algebra is an involution which is adjoint to a hyperbolic hermitian form. It is known that hyperbolic involutions are decomposable (see [2, (2. 2)] and [7, Ch. II, Exercise 2]). Indeed, using the ideas of [2] , one can show that every hyperbolic idempotent of a central simple algebra with involution (A, σ) lies in a σ-invariant quaternion subalgebra (see (4.1) below). A weaker condition for involutions is metabolicity. Metabolic involutions were introduced in [3] and studied in more detail in [5] . According to [5, (4.8) ], metabolic involutions are adjoint to metabolic hermitian forms.
A decomposition problem concerning metabolic involutions is that whether a metabolic idempotent of a central simple algebra with involution (A, σ) is contained in a σ-invariant quaternion subalgebra. Since every metabolic idempotent e satisfies (e − σ(e)) 2 = 1, such a quaternion subalgebra would also contain a skew-symmetric element whose square equals 1. Hence, a relevant decomposition problem arises as follows: given a skew-symmetric element u ∈ A satisfying u 2 = 1 (or more generally, u 2 ∈ F 2 ), is there any σ-invariant quaternion subalgebra of A containing u?
The aim of this work is to study the aforementioned decomposition problems in arbitrary characteristic. We start with some general observations on idempotents and square-central elements in a central simple algebra. Let A be a central simple algebra over a field F and let u ∈ A be an element satisfying u 2 = λ 2 for some λ ∈ F × . In [1, (4.1)], it was shown that if char F = 2, then u is contained in a quaternion subalgebra of A if and only if dim F (u + λ)A = dim F (u − λ)A. Using similar methods we shall generalize this result in (3.2) to arbitrary characteristic, including λ = 0.
In §4 we study metabolic idempotents of a central simple algebra (A, σ). The main result is (4.4), which asserts that a metabolic idempotent e ∈ A lies in a σ-invariant quaternion subalgebra if and only if it is hyperbolic or dim F eσ(e)A = 1 2 dim F A. Using this, we will see in (4.5) that in contrast with the case of hyperbolic idempotents, there exists a metabolic idempotent with respect to an involution σ (over a field of arbitrary characteristic), which is not contained in any σ-invariant quaternion subalgebra.
In the last section we use the decomposition criterion (4.4) to study skewsymmetric elements of A whose squares lie in F 2 . Consider an element u ∈ A satisfying u 2 = λ 2 for some λ ∈ F and dim F (u + λ)A = 1 2 dim F A. As we shall see in (5.1), if u ∈ Alt(A, σ), σ(λ) = λ and λ = 0, then there exists a metabolic idempotent e ∈ A such that u = e − σ(e). An important application of this result is (5.3) which asserts that if σ(u) = −u, then there exists a σ-invariant quaternion subalgebra of A containing u, except for the case where char F = 2 and σ is orthogonal. Finally, this exceptional case is treated in (5.5) and (5.6).
Preliminaries
Let A be a central simple algebra over a field F and let σ be an involution on A, i.e., an anti-automorphism satisfying σ 2 = id. We say that σ is of the first kind if σ| F = id. Otherwise, σ is said to be of the second kind. Involutions of the second kind are also called unitary involutions. After scalar extension to a splitting field of A, every involution σ of the first kind becomes adjoint to a symmetric or skew-symmetric bilinear form. If this bilinear form is alternating, we say that σ is symplectic. Otherwise, σ is called orthogonal. The set of all symmetric elements of an algebra with involution (A, σ), i.e., elements fixed by σ, is denoted by Sym(A, σ). We also use the notations
An algebra with involution (A, σ) (or simply the involution σ) is called hyperbolic if it has a hyperbolic idempotent with respect to σ, i.e., an idempotent e ∈ A satisfying σ(e) = 1 − e. Note that for every hyperbolic idempotent e we have dim F eA = 1 2 dim F A (see [7, p. 75] ). An idempotent e ∈ A is called metabolic if (1) σ(e)e = 0 and (2) dim F eA = 1 2 dim F A. Either of these two conditions can be equivalently substituted with (1 − e)(1 − σ(e)) = 0, as observed in [3] and [5] . The pair (A, σ) (or simply the involution σ) is called metabolic if there exists a metabolic idempotent e ∈ A with respect to σ. Every hyperbolic idempotent is metabolic, but there exist metabolic idempotents (in all characteristics) that are not hyperbolic. However, if e is a metabolic idempotent and there exists an element x ∈ A with x + σ(x) = 1, then the element e ′ := e − exσ(e) is a hyperbolic idempotent of (A, σ) (see [3, (A. 3)]). Combining this observation with (2.1) below, one concludes that an involution σ is hyperbolic if and only if it is metabolic, except for the case where char F = 2 and σ is orthogonal. Note that in view of [7, (2.6 (2) )], hyperbolic involutions can never exist in this exceptional case.
Lemma 2.1. Let (A, σ) be a central simple algebra with involution over a field F . Then there exists x ∈ A such that x + σ(x) = 1, except for the case where char F = 2 and σ is orthogonal.
Proof. If char F = 2, take x = 1 2 . Otherwise, σ is either symplectic or unitary and the existence of such an element follows from [7, (2.6 (2) ) and (2.17)].
Idempotents and square-central elements
Let D be a central division algebra over a field F . We write M n (D) for the algebra of all n × n matrices with entries in D. The identity matrix in M n (D) is denoted by I n . Also, for α ∈ D, we denote by J n (α) the n × n Jordan block whose diagonal and superdiagonal entries equal to α and 1 respectively and all other entries are zero.
Our first result is easily deduced from [4, Prop. 6 and Thm. 7].
Lemma 3.1. Let V be a finite-dimensional right vector space over D and let x ∈ End D (V ).
(1) If x 2 = λ 2 for some λ ∈ F , then there exist integers m, n, k and a basis of V with respect to which the matrix of x is a direct sum of λI m , −λI n and k Jordan blocks J 2 (λ) (the blocks J 2 (λ) appear only if char F = 2 or λ = 0).
(2) If x 2 = x, then there exist an integer m and a basis of V with respect to which the matrix of x is a direct sum of I m and a zero matrix.
The next result generalizes [1, (4.1)] to arbitrary characteristic. Recall that a quaternion algebra over a field F is a central simple F -algebra of degree 2.
There exists a split quaternion F -subalgebra of A containing u if and only if dim
Proof. If char F = 2 and λ = 0, the result is easily deduced from [1, (4.1)], hence let char F = 2 or λ = 0. Suppose that u is contained in a split quaternion subalgebra of A. We identify this subalgebra with End F (W ) for some 2-dimensional vector space W over F . As u / ∈ F , by (3.1 (1)) there exists a basis of W with respect to which the matrix of u equals the Jordan block J 2 (λ). Since λ = 0 or char F = 2, λ + u is represented in this basis by
, which leads to the desired equality.
To prove the converse, observe first that the conditions u / ∈ F and u 2 ∈ F 2 imply that A is not a division algebra. Choose a division F -algebra D, Brauer equivalent to A. Then we may identify A = End D (V ), where V is a right Dvector space. Since u 2 = λ 2 , by (3.1 (1)) there exist an integer r and a basis B of V with respect to which the matrix of u is a direct sum of λI r and the Jordan blocks J 2 (λ). Let s be the number of blocks J 2 (λ) in this decomposition, so that r + 2s = dim D V , where dim D V denotes the right dimension of V over D. Since λ = 0 or char F = 2, the matrix of λ + u in B is a direct sum of s blocks J 2 (0) and an r × r zero matrix, hence dim D (λ + u)A = s(r + 2s). The equality
2 then implies that r = 0. Thus, u is a direct sum of the Jordan blocks J 2 (λ) (in particular, dim D V is even). Let v ∈ End D (V ) be the endomorphism which is represented in B by direct sums of matrices of the form 0 0 1 0 .
Then the elements 1, u, v and uv span a subalgebra of
Lemma 3.3. Let A be a central simple algebra over a field F and let e ∈ A be an idempotent. Suppose that there exists a nonzero element u ∈ A satisfying u 2 = λ 2 for some λ ∈ F , ue = λe and e(λ + u) = λ + u. If dim F eA = dim F e(u − λ)A = 1 2 dim F A, then there exists an element w ∈ A such that w 2 = 0, ew = 0, we = w, uw = e − λw and wu = λw − e + 1. Furthermore, the elements 1, e, u and w span a split quaternion subalgebra of A.
Proof. We may identify A = End D (V ), where D is a division F -algebra Brauer equivalent to A and V is a right vector space over
implies that e is a nontrivial idempotent. Hence A is not a division algebra, i.e., n > 1. By (3.1) there exist an integer m and a D-basis B of V , with respect to which e is represented by the matrix
Since
. The relations ue = λe and e(λ + u) = λ + u imply that U = λI m , X = 0 and Y = −λI m , i.e.,
which yields
It follows that
The equality dim F e(u − λ)A = 1 2 dim F A implies that W has a right inverse, hence it is invertible by [6, §19, Thm. 3] . A direct calculation then shows that the element
has the desired properties.
Metabolic and hyperbolic idempotents
Let (D,¯) be a division algebra with involution over a field F and let V be a right D-vector space. Denote by V * = Hom D (V, D), the dual space of V , with a right D-vector space structure v
For every λ ∈ F with λλ = 1, define the λ-hermitian form h λ on
A λ-hermitian space is called hyperbolic if it is isometric to H λ (V )
* via ϕ(s)(t) = h(s, t) for s ∈ S and t ∈ T . As observed in the proof of [2, (2.1)], the map ϕ ⊕ id defines an isometry between (V, h) = (S ⊕ T, h) and (H λ (T ), h λ ). Considering this isomorphism as an identification, we have e(t * , t) = (t * , 0) and σ(e)(t * , t) = (0, t) for t * ∈ T * and t ∈ T.
Let ℓ : T × T → D be a non-degenerate 1-hermitian form and let θ : T → T * be the isomorphism of right D-vector spaces defined by θ(t 1 )(
As observed in the proof of [2, (2.2)], the elements e, σ(e), u and v span a σ-invariant subalgebra of A, isomorphic to M 2 (F ).
Lemma 4.2. Let (A, σ) be a central simple algebra with involution over a field F and let e ∈ A be a hyperbolic idempotent. Suppose that there exists u ∈ A satisfying u 2 = 0, dim F uA = 1 2 dim F A, ue = 0 and eu = u. If σ(u) = ±u, then there exists a σ-invariant quaternion subalgebra of A containing u and e.
Proof. Since e is a hyperbolic idempotent, we have dim F eA = 1 2 dim F A. Hence, using (3.3) with λ = 0 one can find w ∈ A such that w 2 = 0, ew = 0, we = w, uw = e and wu = 1 − e = σ(e).
Also, the F -algebra Q ⊆ A spanned by 1, e, u and w is a quaternion algebra. We claim that σ(Q) = Q. Since σ(u) = ±u ∈ Q and σ(e) = 1 − e ∈ Q, it suffices to show that σ(w) ∈ Q. Keeping the notations of the proof of (3.3) with λ = 0 we have u = 0 W 0 0 and σ(e) = 1 − e = 0 0 0 I m ,
for some X, Y, Z, T ∈ M m (D). Suppose first that σ(u) = u. Applying σ on uw = e, we get σ(w)u = σ(e), which implies that X = 0 and Z = W −1 . Similarly, applying σ on the equality wu = σ(e), we obtain uσ(w) = e, hence T = 0. Finally, as w 2 = 0, we have σ(w) 2 = 0, which leads to Y = 0. It follows that
If σ(u) = −u, a similar argument shows that σ(w) = −w ∈ Q.
Lemma 4.3. Let (A, σ) be a central simple algebra with involution over a field F and let e ∈ A be a metabolic idempotent.
(1) e is a hyperbolic idempotent if and only if eσ(e) = 0.
(2) For every x ∈ A, the element e ′ := e − exσ(e) is a metabolic idempotent.
Proof. The first statement follows from the equality 1 − e − σ(e) + eσ(e) = 0. To prove (2) note that the equality σ(e)e = 0 implies that e ′ is an idempotent and σ(e ′ )e ′ = 0. Also, since ee ′ = e ′ and e ′ e = e, we have eA = e ′ A. It follows
Hence e ′ is a metabolic idempotent.
Theorem 4.4. Let (A, σ) be a central simple algebra with involution over a field F and let e ∈ A be a metabolic idempotent. There exists a σ-invariant split quaternion subalgebra of A containing e if and only if either e is hyperbolic or dim F eσ(e)A = 1 2 dim F A. Proof. Set u = eσ(e). Suppose that there exists a σ-invariant quaternion subalgebra of A containing e. If e is not hyperbolic, then we have u = 0 by (4.3 (1)). As u 2 = 0, using (3.2) with λ = 0 we obtain dim F uA = 1 2 dim F A. Conversely, if e is hyperbolic the result follows from (4.1). Suppose that dim F uA = 1 2 dim F A.
We proceed similar to the proof of (4.2). We have u 2 = 0, ue = 0, eu = u and
, since e is a metabolic idempotent. Thus, one can use (3.3) with λ = 0 to find w ∈ A such that w 2 = 0, ew = 0, we = w, uw = e and wu = 1 − e.
By (3.3), the F -algebra Q ⊆ A spanned by 1, e, u and w is a quaternion algebra. We claim that σ(Q) = Q. We have σ(u) = u ∈ Q. Also, the equality (1 − e)(1 − σ(e)) = 0 implies that σ(e) = 1 − e + u ∈ Q. Thus, it remains to show that σ(w) ∈ Q. Keep the notation of the proof of (3.3) with λ = 0, so that
where W is an invertible matrix in M m (D). Write
for some X, Y, Z, T ∈ M m (D). Applying σ on uw = e, we get σ(w)u = σ(e), which leads to X = I m and Z = W −1 . Also, applying σ on wu = 1 − e, we obtain uσ(w) = 1 − σ(e), so T = −I m . Finally, the equality w 2 = 0 implies that σ(w) 2 = 0, hence Y = −W . It follows that
The next example shows the existence of a metabolic idempotent in a central simple algebra with involution over a field of arbitrary characteristic which is not contained in any invariant quaternion subalgebra. 
is a metabolic idempotent with respect to σ. We also have
hence e is not hyperbolic and dim F eσ(e)M 4 (F ) = 4 = 1 2 dim F M 4 (F ). By (4.4) there is no σ-invariant quaternion subalgebra of M 4 (F ) containing e.
Applications to square-central elements
Throughout this section, (A, σ) denotes a central simple algebra with involution over a field F and u ∈ A \ F is an element satisfying u 2 = λ 2 for some λ ∈ F with σ(λ) = λ and
Our purpose is to find some sufficient conditions on u to be contained in a σ-invariant quaternion subalgebra of A. Note that in view of (3.2), the condition (1) is necessary for this aim. Also, if σ is of the first kind, then the equality σ(λ) = λ holds automatically. For a right ideal I of A let I ⊥ = {x ∈ A | σ(x)y = 0 for y ∈ I}. Then I ⊥ is also a right ideal of A. Moreover, according to [7, (6. 2)] we have
(2) There exists a metabolic idempotent e ∈ A such that e(λ + u) = λ + u and ue = λe.
(3) If λ = 0 and u ∈ Alt(A, σ), then there exists a metabolic idempotent e ′ ∈ A such that λ −1 u = e ′ −σ(e ′ ). In addition, if char F = 2, such an idempotent satisfies dim F e ′ σ(e ′ ) = 1 2 dim F A. If char F = 2, the idempotent e ′ ∈ A can be chosen to be hyperbolic.
Proof. Consider the right ideal I := (λ + u)A of A. Since σ(λ + u) = λ − u, we have σ(I)I = 0. By dimension count we obtain I = I ⊥ , hence σ is metabolic by [5, (4.4) ]. This proves (1).
(2) By [7, (1.13) ] there exists an idempotent e ∈ A such that I = eA. As I = I ⊥ , we have σ(e)e = 0. We also have dim F eA = dim F (λ+u)A = 1 2 dim F A, hence e is a metabolic idempotent. Since (λ + u)A = eA, there exist x, y ∈ A such that λ + u = ex and e = (λ + u)y. Multiplying the first equality on the left by e, we get e(λ + u) = e 2 x = ex = λ + u. Similarly, multiplying the second equality on the left by u, we obtain ue = λe.
(3) Applying σ on e(λ + u) = λ + u we get (λ − u)σ(e) = λ − u, i.e., uσ(e) = λσ(e) + u − λ. Also, eu = e(λ + u) − λe = λ + u − λe, hence euσ(e) = e(λσ(e) + u − λ) = λeσ(e) + eu − λe = λeσ(e) + λ + u − 2λe. (2) Now, write λ −1 u = x − σ(x) for some x ∈ A and set e ′ = e − eσ(x)σ(e). By (4.3 (2)), e ′ is a metabolic idempotent. Using the relation (2) we get
= e − σ(e) + λ −1 euσ(e) = e − σ(e) + eσ(e) + 1 + λ
If char F = 2, the above equalities together with (1 − e ′ )(1 − σ(e ′ )) = 0 imply that e ′ σ(e ′ ) = 1 + λ −1 u. Thus,
is a hyperbolic idempotent with respect to σ. We also have h − σ(h) = e ′ − σ(e ′ ) = λ −1 u, completing the proof.
Proposition 5.2. If u ∈ Alt(A, σ), then there exists a σ-invariant split quaternion F -subalgebra of A containing u, except for the case where char F = 2, λ = 0 and σ is orthogonal. In this case there is no σ-invariant quaternion subalgebra Q ⊆ A with u ∈ Q.
Proof. Suppose first that λ = 0. If char F = 2, by (5.1 (3)) there exists a hyperbolic idempotent h ∈ A such that λ −1 u = h − σ(h) and the result follows from (4.1). If char F = 2, by (5.1 (3)) there exists a metabolic idempotent e ∈ A such that λ −1 u = e − σ(e) and dim F eσ(e)A = 1 2 dim F A. Hence the conclusion follows from (4.4). Now, let λ = 0. The hypotheses imply that either char F = 2 or σ is not orthogonal. In either case, by (2.1) there exists x ∈ A such that x + σ(x) = 1. Using (5.1 (2)) with λ = 0, one can find a metabolic idempotent e ∈ A such that eu = u and ue = 0. Then h := e − exσ(e) is a hyperbolic idempotent with respect to σ. As ue = 0 we have uh = 0. Also, the relations σ(u) = −u and ue = 0 imply that σ(e)u = 0, hence hu = eu = u. Hence the result follows from (4.2).
Finally, consider the exceptional case, i.e., suppose that char F = 2, λ = 0 and σ is orthogonal. If there exists a σ-invariant quaternion subalgebra Q of A containing u, then u ∈ Alt(Q, σ| Q ) by [9, (3.5) ]. By dimension count we obtain Alt(Q, σ| Q ) = F u. But this implies that Alt(Q, σ| Q ) does not contain any invertible element, contradicting [7, (2.8 (2))].
Theorem 5.3. If σ(u) = −u, then there exists a σ-invariant split quaternion F -subalgebra of A containing u, except for the case where char F = 2 and σ is orthogonal.
Proof. As observed in [7, p. 14] and [7, (2. 17)], if char F = 2 or σ is unitary, the equality σ(u) = −u implies that u ∈ Alt(A, σ) and the result follows from (5.2). Suppose that char F = 2 and σ is symplectic. Replacing u with u+1 if necessary, we may assume that λ = 0 (note that since char F = 2, this replacement does not change the assumptions σ(u) = −u and dim F (λ + u)A = 1 2 dim F A). If u ∈ Alt(A, σ), the conclusion follows from (5.2), hence suppose that u / ∈ Alt(A, σ). Set τ = Int(u) • σ. By [7, (2.7 (3) )], τ is an orthogonal involution on A. Since σ is symplectic, by [7, (2.6 (2))] we have 1 ∈ Alt(A, σ). Hence [7, (2.7 (2) )] implies that u ∈ Alt(A, τ ). By (5.2), there exists a τ -invariant quaternion subalgebra Q ⊆ A containing u. As u ∈ Q and τ (Q) = Q, we get σ(Q) = u −1 τ (Q)u = Q, completing the proof.
Lemma 5.4. Let char F = 2 and let (Q, τ ) be a quaternion algebra with orthogonal involution over F . For every symmetric element x ∈ Q with x 2 ∈ F , there exists α ∈ F such that x + α ∈ Alt(Q, τ ).
Proof. By [8, (6.1)], Q is generated as an F -algebra by two elements w, v ∈ Q satisfying w 2 ∈ F × , v 2 ∈ F, wv + vw = 1, and τ (v) + v = w −1 .
Hence, Alt(Q, τ ) = F w and Sym(Q, τ ) = F + F w + F wv. Since x ∈ Sym(Q, τ ) and x 2 ∈ F , we have x = α + βw for some α, β ∈ F . Thus, x + α = βw ∈ Alt(Q, τ ).
We now consider the exceptional case in (5.3).
Proposition 5.5. Suppose that char F = 2, σ is orthogonal and σ(u) = u. There exists a σ-invariant quaternion subalgebra of A containing u if and only if u + α ∈ Alt(A, σ) for some α ∈ F with α = λ.
Proof. Suppose that u ∈ Q for some σ-invariant quaternion subalgebra Q of A. As σ(u) = u, by (5.4) there exists α ∈ F such that u + α ∈ Alt(Q, σ| Q ) ⊆ Alt(A, σ). Since (u + α) 2 = λ 2 + α 2 , using (5.2) we obtain α = λ. To prove the converse, let u ′ = u + α ∈ Alt(A, σ) and λ ′ = α + λ. Then u ′2 = λ ′2 ∈ F ×2 and dim F (u ′ + λ ′ )A = dim F (u + λ)A = 1 2 dim F A. The conclusion therefore follows from (5.2).
We conclude with an example of a symmetric element u in a central simple algebra with involution (A, σ) satisfying u 2 = λ 2 = 0 and dim F (u + λ)A = 1 2 dim F A, which is not contained in any σ-invariant quaternion subalgebra of A. Then u is a symmetric matrix, u 2 = λ 2 ∈ F 2 and dim F (u + λ)A = 1 2 dim F A. Since Alt(A, σ) consists of all symmetric matrices with zero diagonal, we get u + α / ∈ Alt(A, σ) for every α ∈ F . Thus, by (5.5) there is no σ-invariant quaternion subalgebra of A containing u.
